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AMTNJ High School Contest 39 Problems and Solutions December 9, 2015

1. How many ordered pai@!b) of nonnegative integers are there that satisfy !! ! 20 ?

Solution: There are 16 ordered pairs that can be counted by graplsing
D), w2, ¢mr o)
rrgyroByrgmyre )
(LD, myrgeyramyra ez

2. Find the smallest positive integer that is divisible by every positive intesgethien 10.

Solution: The smallest such integebls! 113x3' 1 11520

3. PointsC andD are on the line segmentB of fixed length with D betweenC andB as shown
Note: The diagram is not drawn to scale

. °
A C D B
If & :l andC—D :%, what is the value dhe ratioC—D ?
CB 3 DB 5 AB
Solutionl: Let the length ofAB be 1. AC! ! I Ll w1 oo i—!!"# n o1 :—!
. | ! !
I N A e L :—!! "ol I'—' Therefore,;,,—! |_' This result

is generalized to any length tfe segmentAB.

Solution 2: Ifi" 1 111" 1 111" 1 111andDB =1y, then!! | I1land—! 21 L1 Ty L

' I ' "

4. Find the coordinates of the point on the ine !'! ! ! that is equidistat from, and closest tthe
two points(!" ! ) and!! 1" 1" I,

Solution: If he two points are equidistambi and closest tthe line, then their midpoimhust be
on the lineThe midpointis (2, 7)




5. The amount in grams of radioactive isottypemine 77 remainng afters days is modeled by the

exponential functiod(!) ! !, (1 15)7, where4, is the amount in grams of the isotope present at
t = 0. What is the daily decay ratelwbmine77? Write your answer as a percentnded to the
nearestenth

Solution1 : Rewrite the exponential function in the fokrm(! ! !)' to reveal, the daily decay rate.

F! !!(! !!!'!'_)!! G I e I A (O O - L A I

Solution 2: UsingA(1) ! ! ,!''" as the exponential decay model, the decay rate is

6. The base of a rectangular pyramid is 26 square units, and its volume ;
is 54 cubic units. If the width of the leais increased by 20%, the length b T
decreased by 15% and the height increased by 5%, find the volume of .-
the new pyramid. -

Solution:!!! ! i—(!"#$ ES ) EI DN T :%!!"#$%!
A S .!!" Mg 1 Im L I"ESd | Iu;;' |
g 1"4$%4E& ! :—(! i )(!!" ! 'I—) (!'!!" ! :—)' Mo IHS T IHS08

7. Letx andy bepositivereal numbers.If x=3+ 11 and y:3+#1,
3+— 3+ 1
X 3+
y
find theexact valuef x+y.
+
Solution: x=3+ 11 I x*"3x"1=0! x= 3+V13 (Note thatx is positive and
3+ 2
X
! . +
cannot equalgT\/E). Slmllarly,y:3 ;/1_3 Therefore,x+y=3+x/1_3.




8. The side othesquareshownon the right has length 6.
The two circles are tangent to the two sides of the square
and their diameters coincide with the other two sides.
Find the area of the shaded region that is inside the squ
but lies outdde the two circles.

Solution:

(7

Area of shaded region = Area of large squa#eea of small squarB2(Area of 1/4' of circle)
=t () ey L e

9. Fifteen students from the environmental club at a high school volunteered to clean a local park.
The club advisor would like to have three teams of five students éaetthl team is to be
assigned to a different section of the pankhow many different ways can the cladbvisor assign
the 15 students to the three groups?

115
Solution: There ar@5 gb: 3003 ways of choosing the first team of 5, which leaté students.

110
There are#5 ;6: 252 ways of choosing the second team, and the remaining students

would make up the third. Ehnefore, there are (3003)(252) = 765,756 different ways of
assigning 15 students in three groups of five.




10.What is theexactvalueof k for which (x + ! ! is afactorof!1' 1 (") 1 111 12

Solution: If! ! ! is afactor, theh(! 1) ! ' 1) 1 1 (1)1 11 11 Therefore} ! 1 VT,

11. A palindrome is a number that reads the same from left to right and from right to left.

2, 22 and 232 are examples of palindromes. How many palindromes between 1 and 1000 are

divisible by 117?

Solution: There ar@ such palindromesdl1, 22, 33, 44, 55, 66, 77, 88, 99, 121, 242,
363, 484, 6165 65x11) 737 (= 76x11), 858 (= &11), and 979 (= 98x11) .

12. A circle with radius 2 units rolls along the outside of a regular hexagon of side 4 units. Find the

exact value of theotal distance traveled by the center of this circle after it completes its trip
the outside of theexagorexactlyonce,and returngo its starting position.

along

Solution: Along each of the edges of the hexagon,

the center of the circle will travel 4 units, )
andaround each of the vertices, iillw

traverse marc equal in length tg— units.

The total distance the center will travel

is units

13. Letv andw be nonnegative integers less tinar equal to 10. For how many ordered pairs

111 1isthe expressio@ ! ! )" I (" ! 1) la prime number?

Solution: (! ! 1YY r ot ) et prtrrtrtrrrort e b which is prime
when!' I 11 1i# 11 1lisprime,orwhen ' I 1L L 111 s prime.
When! I 11D 1orimmrnrg n* will make the expression prime. Similarly, wher

e rorrrg n*owill make the expression prime. This brings the total ¢
ordered pairs tid.

=




4(k+1)
14. Let the sequence have the property that, for any nonnegative intégel a, =2015.
i=4k+1
2016
Evaluatel a .
i=1

4(k+1)

Solution:The sum consists of 504 groups &f a , therefore its value is 504 ¥ 2015 = 1,015,5

i=4k+1

15. Given the rectangle¢ BCD in which4AB = 10 andBC = 12. IfM is the midpoint of sid€’D andK
is a point oMM such thatK=A4D, what is the area of quadrilate®BCK ?

Solution1: Area ofABCK = Area of ABCD — Area of AADM P Area of ACKM
= 120D30DA of | CKM.
To find the area oA CKM, note thatdM = 13,KM = 1, and area akAMC = "(60)=30.

Moreover, using sidesM andKM for base, triangledMC andKMC share a height.

This means that the arealo€KM = II— (area ofaAAMC) ! Area of! CKM = 3

0
13
Therefore, area of BCK = @ or 87.692
Solution 2: "#(! AMD) ! 1"#(' !"# )! Iln—z!!(the twoangles are supplementary).
Area of A KMC ! ’5! LU LrEQrE )
| IArea of ABCK = Area of ABCM — Area of! I"# 1 —1 1" 11" 1 1 221 1 g |

60.



